ABSTRACT. If AT is a bounded normal operator on a separable Hubert space H, let S(/V) denote the similarity orbit of N in L(H) and let Sk(N) denote the set of all compact perturbations of elements of S(N). It is proved that S(.N)(Sk(N)) is norm closed in L(H) if and only if the spectrum (essential spectrum) of N is finite. If the essential spectrum of N is infinite and M is a normal operator whose spectrum is connected and contains that of N, then M is in the closure of S(N). If the spectrum of N is connected, this result characterizes the normal elements of the closure of S(N). A normal operator is similar to a nonquasidiagonal operator if and only if its essential spectrum contains more than two points.
Introduction. Let ff denote a fixed, separable, infinite dimensional, complex Hubert space and let L(H) denote the algebra of all bounded linear operators on H. If TV is a normal operator in L(H), define the following subsets of L(H):
S(N) = {XNX~X: X is invertible in L(H)}; U(N) = {UNU*: U is unitary}; Sk (TV) = {XNX~X + C: X is invertible and C is compact in 1(H)}; ü/c(TV) = {UNU* + C: U is unitary and C is compact}. Since similarity is a weaker relation than unitary equivalence, we cannot expect a close analogue to the unitary case.
Our basic result is that S(N) is closed if and only if o(N) is finite and SK(N) is closed if and only if E(N) is finite (see below for notation). We prove that if E(N) is infinite, and M is a normal operator whose spectrum is connected and contains that of TV, then M is in S(N)~; in particular S(N)~ <t SK(N). As a consequence, we prove that if o(N) is connected, then a normal operator M is in S(N)~ if and only if o(M) is connected and o(N) C o(M)
. It is known that two normal operators that are similar (or even quasi-similar) are unitarily equivalent [9] . In contrast to this theorem, our results imply that if TV is a normal operator, then each normal operator in S(N)~ is in U(N)~ if and only if 7T(TV) is finite.
In §4 we prove that a normal operator is similar to a nonquasidiagonal operator if and only if E(N) contains more than two points.
We conclude this section with some notation. All Hubert spaces in this note are separable. If T is in L(H) we denote the spectrum of T by o(T) = {z: T-z is not invertible in L(H)}; the resolvent of Tis p(T) = C -a(T); the approximate point spectrum of T is ti(T) = {z: T -z is not bounded below}. Let C denote the ideal of all compact operators in L(H) and let T denote the image of T under the canonical homomorphism of L(H) onto the Calkin algebra L(H)IC The essential spectrum of T is E(T) = {z: f -z is not invertible in L(H)/C} = {z: T-z is not a Fredholm operator} (see [3] ). Note that if Tis in S(N)~, then a(N) C o(T) (E(N) C E(T)) since the set of all invertible (Fredholm) operators is open in L(H) [3] . A (diagonable) normal operator with finite spectrum {zx, . . . , zn} is denoted by diag(zf). Following [6] we say that A is an essential normal operator if A is normal and o(N) = E(N). We state for reference the following results which will be used repeatedly in the sequel.
Theorem A [l] . If N is a normal operator in L(H) and M is an operator on H such that MM-MM* is compact, E(N) = E(M), and index(Af -z) = 0 for each z not in E(M), then M is unitarily equivalent to a compact perturbation ofN Theorem B [6, Lemma 4] . If N and M are essential normal operators in L(H) with the same spectrum, and if e> 0, then there exist a unitary operator U and a compact operator K such that N = U*MU + K and \\K\\ < e.
2. Operators with closed similarity orbits. In this section we prove that 5(A) is closed in L(H) if and only if the spectrum of A is finite. We begin with a well-known folk lemma. Lemma 2.1. Let zx, . . . ,zn be distinct complex numbers. Let Hx.Hn be Hubert spaces and let T be an operator on Hx® . . . © H" with upper triangular operator matrix (Ti{) such that T¡¡ = z¡,for 1 < i < zz. 77zezz T is similar to diag(zf). Since each S^fZOS,"1 is an idempotent, it follows that q¡(T) is an idempotent and is therefore bounded below by 1 on its initial space. This contradiction implies that dim ker D -z¡< dim ker TV -z¡, and the reverse inequality is proved similarly. Lemma 2.3. 7,er TV be a normal operator on H whose spectrum is not finite. There exist a sequence {Un} of unitary operators on H, and a normal operator TV, that is not similar to TV, such that limII UnNU* -TV, II = 0. 3. Closure properties of S(N) and SK(N). In this section we consider the closure properties of S(N) and SK (N) for a normal operator N whose spectrum is infinite. We consider first the case when E(N) is finite and obtain a structure theorem for an operator in S(N)~. (ii) We have o(N) G o(T), and since T is polynomially compact, a(T) is countable. Suppose z is in o(T) -o(N). Since z is in do(T), Theorem 3.3 of [3] implies that either z is an isolated point of o(T) and an eigenvalue of finite multiplicity, or T -z fails to have an inverse in the Calkin algebra. The uppersemicontinuity of the separated parts of the spectrum [15, Theorem 3] implies that the first case cannot arise. However, the second case also cannot arise since E(T) = E(N), and we have a contradiction. Let N be an essential normal operator whose essential spectrum is infinite. Theorem B implies that we may assume A is a diagonable operator each of whose eigenvalues has infinite multiplicity. We may also assume that 0 is a limit point of E(N). Theorem 7 of [7] 4. Quasidiagonality and normal operators. Recall that an operator T in LH is quasitriangular (resp., quasidiagonal) if there exists a sequence {Pn} of finite rank projections in L(H) such that Pn -* 1 and limll(l -Pn)TPn\\ = 0 (resp., HmllT^r-TPn\\ = 0) (see [4] ). Each normal operator is quasidiagonal, and if T is quasidiagonal, then T and T* are quasitriangular. Each operator similar to a quasitriangular operator is quasitriangular. In [16] , R. Smucker proved that a nonquasidiagonal operator may be similar to a quasidiagonal operator. Proof. If ({, denotes the range of T, then with respect to the decomposition H = ff j © HX,T is represented by an operator matrix of the form (¿ ^ ). We consider first the case dim ker A < dim ker A* and we let A = UP denote the maximal polar decomposition of A ; U is an isometry and P> 0. The spectral theorem implies that P is the uniform limit of a sequence of invertible diagonable operators, and since the set of all quasidiagonal operators in L(H) is norm-closed, we may assume that P is invertible and diagonable. Since A A = P2, there exists a sequence of finite rank projections {7^} such that Pn -► 1 and such that for each n, A*APn = PnA*A. Let {ek} denote an orthonormal basis for (AH)1 (if (AH)1 is p-dimensional, set ek = e for each k > p). For each integer n > 0, let Qn denote the projection onto APnH V <e,, . . . , en). Since P is invertible, A has closed range and it follows that Qn -* 1 ; moreover, an easy calculation shows that for each n, APn = QnA. If 7?" denotes the finite rank projection Qn © Pn, then 7?n -> 1, and for each n, RnT-TRn = 0. This completes the proof of the first case.
(iii) If z is in o(T) -E(T), then (ii) implies that z is in o(N) -E(N) and is therefore an isolated point of o(N) = a(T). It follows as in (ii) that z is an eigen-
We next consider the case dim ker A > dim ker A*. Since quasidiagonality is invariant under adjunction, addition of scalars, and unitary equivalence, it suffices to establish the quasidiagonality of the operator whose matrix is (¿ ~q ), and this follows directly from the preceding case. If dim ker A = dim ker A*, the proof of the first case may be modified by deleting reference to the basis {ek} (since, by the approximation method, we may assume that A is invertible).
